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We use our vector Maxwell’s nonlinear eigenmode solver to study the stationary solutions
in 2D cross-section waveguides with Kerr nonlinear cores. This solver is based on the fixed
power algorithm within the finite element method. First, studying nonlinear plasmonic slot
waveguides, we demonstrate that, even in the low power regime, 1D studies may not provide
accurate and meaningfull results compared to 2D ones. Second, we study at high powers
the link between the nonlinear parameter γnl and the change of the nonlinear propagation
constant ∆β. Third, for a specific type of photonic crystal fiber, we show that a non-trivial
interplay between the band-gap edge and the nonlinearity takes place.
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2Merging plasmonics or photonic crystals with nonlinear structures has been predicted to be a
promising choice in designing compact nonlinear optical devices [1, 2], due to the enhancement of
the nonlinearity ensured by the achieved strong light confinement. Among the different nonlinear
plasmonic configurations [3], the nonlinear plasmonic slot waveguide (NPSW) in which a nonlinear
core of Kerr-type is surrounded by two metal claddings has received a great attention. Different
numerical and analytical methods have been developed to provide complete and full studies for the
one-dimensional (1D) NPSWs with isotropic [4–7] and anisotropic nonlinear cores [8].
For the first time, using our rigorous and accurate nonlinear solver, we provide the results
directly based on the nonlinear modes in realistic 2D cross section NPSWs and compare them with
those from a 1D nonlinear model [8]. It is worth mentioning that the main nonlinear modes in
all-dielectric 2D slot waveguide have been investigated using a nonlinear solver [9], however, in the
studied structure the field confinement decreases for high power.
Another illustration of the usefulness of our vector nonlinear solver is the study of a photonic
crystal fiber (PCF) with a Kerr-type nonlinear matrix with a defect as fiber core. Similar structures
have already been studied in the scalar case [10] or even in the vector case [11]. Nevertheless, due
to the type of the studied PCF and of the used core defect, only expected results like a strong
focusing at very high powers are obtained while in our case a non-trivial effect is obtained at
realistic powers.
The paper is organized as follows, first, we briefly describe our rigorous 2D vector nonlinear
solver to compute the stationary nonlinear solutions propagating in 2D waveguides with a Kerr-type
nonlinear material.
Second, we demonstrate the importance of a 2D nonlinear solver, by showing that 1D modelling
of NPSW is not enough to understand and quantify the nonlinear characteristics of realistic 2D
configurations. Third, based on our nonlinear solver, we present a general interpretation of the
Kerr-type nonlinear parameter γnl as a function of the total power for two nonlinear plasmonic
waveguides, and we show that the usual definitions usually used in the literature are valid only
in limited power range. Fourth, we show that in a PCF with an ad-hoc defect as core fiber, a
defocusing behaviour can be observed even if a focusing Kerr-nonlinearity is considered.
In our model, we consider monochromatic waves propagating along the z direction in 2D invari-
ant cross section waveguides such that all field components evolve proportionally to exp[i(βz−ωt)]
with ω is the angular frequency and β denotes the complex propagation constant. We consider
3Figure 1. <e(neff ) obtained from the linear 2D slot waveguide (see the inset) with linear metal claddings as
a function of the waveguide height h for the linear fundamental symmetric mode S0-plas. Here, dcore = 400
nm (core thickness) and the cladding width Wclad = 300 nm. See the text for the other parameters. The
horizontal dashed line represents the results from the 1D model (invariant along y direction).
complex and diagonal nonlinear permittivity tensor ˜¯ = ˜¯t + ˜¯z such that:
˜¯t = [x y 0] + i
[
′′x 
′′
y 0
]
, ˜¯z = [0 0 z] + i
[
0 0 ′′z
]
with j(x, y) = jj(x, y) + αjj(x, y)|E(x, y)|2 ∀j ∈ x, y, z. (1)
Here, ˜¯t and ˜¯z represent the complex nonlinear permittivity tensors along the transverse and the
longitudinal directions, respectively. jj(x, y) is the linear part of the permittivity, αjj(x, y) is the
corresponding nonlinear parameter [12], and E(x, y) is the total complex amplitude of electric field
which can be also decomposed into transverse and longitudinal components E(x, y) = Et(x, y) +
Ez(x, y) zˆ . In order to compute the linear and nonlinear modes we use the finite element method
(FEM) using the code we developed (based on gmsh/getdp free softwares [13]) to study several types
of waveguides including nonlinear ones with Kerr regions like microstructured optical fibers [14]
(2D scalar model) and 1D nonlinear plasmonic waveguides with isotropic and anisotropic Kerr-
type nonlinearities [3, 8]. We use the fixed power algorithm in order to treat the nonlinearity, in
which the total power is an input and the outputs are the nonlinear propagation constant and the
corresponding nonlinear field profile. Since we are dealing with a nonlinear problem, in which the
superposition principle does not hold, therefore, in the frame of the fixed power algorithm, all the
amplitudes of the electromagnetic field components must be scaled correctly using a scaling factor,
4taking into account the change in the effective index and the nonlinear field profiles [8, 10, 15].
Therefore, we assume that the transverse and longitudinal components Et and Ezzˆ are given by:
Et = χφt and Ezzˆ = iβ (χφz) zˆ. (2)
where φt together with φz and β are, repectively, the eigenvector and eigenvalue of an eigenvalue
problem written in the frame of the FEM (see Eqs. (4.26) and (4.27) of the chapter 4 in Ref. [16]).
χ is a scaling factor that must be computed for a given input total power Ptot:
χ =
√
Ptot
P0
with, P0 =
1
2
<e
[∫
Ω
(φt + iβφzzˆ)×(
1
iωµ0
[(∇t ×φt) + [iβ (∇tφz −φt)]× zˆ]
)
· zˆ dΩ
]
, (3)
and P0 is the integral of the current Poynting vector along z direction. equation (1) and equation (2)
(together with the weak formulation given in [16]) form a general anisotropic nonlinear vector
eigenvalue problem with β being the complex eigenvalue and φt, φzzˆ are the complex eigenfunctions.
To solve this nonlinear vector eigenvalue problem, we will use the fixed power algorithm, that uses
a sequence of linear eigenvalue problems to compute the stationary nonlinear solutions following
Algorithm 1.
Algorithm 1 Fixed power algorithm to solve the full vector nonlinear eigenvalue problem within
the FEM approach for a nonlinear permittivity given by equation (1) and equation (2).
1: We start with an initial guess for E(x, y) (usually the linear solution), which will be used in equation (1)
to compute the nonlinear permittivity tensor ˜¯t and ˜¯z.
2: We use ˜¯t and ˜¯z to define the 2D vector linear eigenvalue problem, then we compute φt and φz zˆ with
β the corresponding complex eigenvalue. These outputs are then used to compute the scaling factor χ,
for a given fixed value of the power Ptot using equation (3).
3: The scaling factor χ will be used to compute the correct amplitude of the longitudinal and the transverse
components of the electric field E t and Ez zˆ, respectively using equation (2).
4: The rescaled electric field will be used to update the nonlinear permittivity tensors ˜¯t and ˜¯z defined by
equation (1) which will be used as inputs for the next iteration.
5: We repeat steps (2), (3), and (4) until the following criterion is satisfied: |<e(βi)−<e(βi−1)|/|<e(βi)| <
δ, i ∈ [2, Nmax], where βi is the eigenvalue for the last step i and Nmax is the maximum step number in
the procedure. We set δ = 10−6 such that in order to fulfil the criterion between 10 and 15 steps are
needed depending on the waveguide parameters and the initial field used.
In this work, we will focus on isotropic structures for simplicity, however anisotropic configu-
ration can be treated using our method. To start, we consider a symmetric 2D NPSW with an
5isotropic Kerr-type nonlinearity in the core (see the inset in Fig. 1) such that the linear part of the
core permittivity gives jj = l,core and αjj = α ∀j ∈ x, y, z in which α ≈ 0c<e(l,core)n2 > 0 [12],
where 0 is the vacuum permittivity and n2 is the nonlinear refractive index of the core material.
In this study, for the core, we consider l,core = 3.46
2 + i 10−4 and n2 = 2. 10−17m2 /W corre-
sponding to amorphous hydrogenated silicon [17] at λ = 1.55 µm; we consider gold for the linear
metal claddings with permittivity clad = −90 + i10, in addition, we use SiO2 and air for the linear
substrate and the linear cover regions, with sub = 1.46
2 and cov = 1.0, respectively.
Figure 2. Comparison between the nonlinear dispersion curve for the S0-mode obtained from the 1D model
(dashed curve) and the nonlinear dispersion curves for the S0-plas mode obtained from the 2D model with
different height values h, dcore = 400 nm, and Wclad = 0.5 µm. The power for the 2D curves is normalized
by the waveguide height h. The inset represents the field maps for S0-plas mode obtained from our 2D
model with h = 15 µm for two different power values.
In Fig. 1, we study the influence of the waveguide height h on the real part of the effective
index <e(neff ) for the fundamental symmetric mode (denoted by S0-plas) in the linear regime.
The horizontal dashed line represents the value of <e(neff ) for S0-plas mode of the 1D model. As
it can be seen in Fig. 1, for waveguide heights above 4 µm, <e(neff ) obtained from the 2D model
converges to the results obtained from the 1D model [8, 18]. A similar convergence property is
observed for the imaginary part of neff .
In Fig. 2, we show the importance of our 2D nonlinear modelling, by computing the nonlinear
dispersion curves for the S0-plas mode of the 2D NPSWs (see the inset in Fig. 1) with different
6height values h (the power for those curves are normalized to the value of h used). For the
comparison, we also provide the results obtained from the 1D case (dashed curve). In Fig. 2 as
expected, in the low power regime, one notices that for 2D waveguides with small h, <e(neff ) is
smaller than the corresponding 1D value, as it can also be seen in Fig. 1. At high power, the shape
of the nonlinear dispersion curves obtained in the 2D case with h  λ is qualitatively similar to
the one obtained in the 1D case (dashed curve). Nevertheless, the effective indices obtained in the
2D case change much more rapidly at high power than the one obtained in the 1D case, and that
is due to the type of focusing and can be explained as follows.
At low powers, with h λ the 2D mode field profiles are broadened along the vertical direction
(y-axis) and are similar to the modes obtained in the 1D case (see the inset of Fig. 2), <e(neff )
obtained from the 2D model converges to the one obtained from the 1D model. However, at high
power, the mode profiles obtained in the 2D case are different from the ones obtained in the 1D
case, since in the 2D case we achieve the focusing along both x and y directions (see the 2D field
map at high power in the inset of Fig. 2), unlike in the 1D case where the focusing occurs along
x direction only. These results underline the importance of our 2D nonlinear solver to provide an
accurate qualitative and quantitative description of the nonlinear effects in realistic 2D NPSWs
distinct of those from 1D NPSWs [4–6, 8, 18].
Now, we move to the nanophotonic NPSWs with h λ and dcore  λ. There is a fundamental
issue when modelling such kind of configurations in the FEM even in the linear case. This issue is
related to the numerical hot spot which are generated at the corners between the different materials;
even for all-dielectric waveguides [19]. The electric field is infinite at the corner between two
different materials, moreover, its direction changes abruptly along its edges. The field singularity
at the corners will not affect the global quantities like the effective index however, all the local
quantities near to the singularity will be affected.
In our case, we treat the nonlinear problem by solving a sequence of linear eigenvalue problems
(see Algorithm 1), this means that we need to be sure that the field we use in each iteration does
not have any singularity. Consequently, in this work, for all the nanophotonic NPSWs (h  λ
and dcore  λ) that we study below, all the sharp corners will be rounded with a small radius
of curvature in order to avoid the singularity induced by the sharp corners [20]. For all the
structures studied below, full convergence studies have been realized as a function of the mesh
size (data not shown), in order to ensure the convergence of global and local quantities. Using
our rigorous nonlinear solver, we now present general results, including at high powers, for the
nonlinear parameter γnl, which is widely used in the literature to quantify the nonlinear waveguide
7Figure 3. (a-c) represent <e(∆β)/Ptot as a function of the total power normalized by the nonlinear core
surface Ptot/Acore for two different plasmonic waveguides. (a) and (b) for the 2D NPSW shown in the inset
of Fig. 1 with h = 250 nm, Wclad = 200 nm for two different core thicknesses; dcore = 100 nm and dcore = 25
nm, respectively. The inset in (a) represents |Et| for the nonlinear S0-plas obtained for dcore = 100 nm at
Ptot ≈ 502 W . (c) and (d): for the nonlinear plasmonic nanoshell (see the inset in (c)) with height h = 300
nm and h = 180 nm, respectively (the core width is fixed to w = 100 nm). (d) represents the waveguide
length needed to obtain a pi-phase shift, the insets in (d) represents |Et| for the nanoshell with h = 180 nm
at Ptot ≈ 311 W .
8strength [21–23]. Actually, there are two ways to compute γnl; the first one is based on the effective
mode area Aeff of the linear field profile, such that using the nonlinear parameter n2, one can write
γnl ≈ k0n2/Aeff [22, 23] where, ncore is the linear core refractive index and Aeff is the effective
mode area as given in [22]. The second way of computing γnl (eventually a complex number) is
based on the change of the propagation constant induced by the power, such that, when the change
is small, one gets [21]:
γnl(Ptot) = ∆β(Ptot)/Ptot = β(Ptot)− β(Ptot = 0)/Ptot. (4)
In the low power regime, it has already been shown that, in the lossless case, the conventional
way of computing γnl [22] and equation (4) coincide [21, 24]. Moreover, it was recently shown that
the definition given by equation (4) is more general and valid even for high lossy waveguides, while
the conventional definition γnl ≈ k0n2/Aeff is not valid for lossy waveguides [23]. In Fig. 3, we
go one step further by computing γnl(Ptot) at high powers using equation (4) for two different 2D
plasmonic waveguides made of the same materials. First, we study the 2D NPSW shown in the
inset of Fig. 2 for a fixed height h = 250 nm and two different core thicknesses. The results in
Fig. 3(a-b) show that in the low power regime where <e(∆β)/Ptot is constant, the two definitions
of γnl agree as expected. The small discrepancy between the two results shown in Fig. 3 (b) is
due to the losses, since the conventional definition of γnl shown by the horizontal line is not fully
valid for lossy waveguides as expected [23]. However, at high powers where <e(∆β)/Ptot is no
longer constant (see Fig. 3), the conventional way of computing γnl fails to predict the behaviour
since it is based only on the linear field profiles. Using ANLeff , the effective mode area computed
from the nonlinear mode profile in the definition of γnl we obtain a similar behaviour as the one
obtained from <e(∆β) (see Fig. 3(b)). The fact that γnl(Ptot) decreases and then increases is
linked to its relation with ∆β/Ptot: the higher order terms in powers of Ptot in the taylor expansion
of ∆β(Ptot) must be considered when the power starts to be high enough. Second, to complete
our results, in Fig. 3 (c), we study <e(∆β)/Ptot for a nonlinear plasmonic nanoshell [25] in which
there is no corner avoiding field singularities. We show again the subtle behaviour of ∆β for highly
nonlinear plasmonic waveguides, which confirms the usefulness of our nonlinear solver in evaluating
the nonlinear behaviour at low and high power levels. In Fig. 3 (d), we study the waveguide length
needed to obtain a pi-phase shift for the nanoshell configurations. In order to provide meaningful
results, we take into account the damage power threshold for our nonlinear material (5 GW/cm2)
shown by a vertical line in Fig. 3 (d). Before the damage threshold, we can achieve a pi-phase shift,
using a small device length in the range of tens of micrometers while it requires millimeter long
9all-dielectric nonlinear slots [22, 24].
The last example we treat with our vector nonlinear eigenmode solver is a nonlinear photonic
crystal fiber. This kind of structure made of a subset of a periodic lattice of air holes embedded
in a Kerr type nonlinear matrix with a fully solid defect core has already been studied in the
scalar case [14, 26]. In these works, the type of studied defect core corresponds to the limit case
of a ”donor” defect (no air hole at the core location): the main linear core localized defect mode
comes from the first allowed band of the band diagram of the periodic structure and emerges in
Figure 4. Results as a function of Ptot for the main nonlinear mode of a PCF with a core defect (see the
inset in (a)) with l,core = 2.47
2, n2 = 2. 10
−17m2 /W , and λ = 1.55µm. (a): <e(β) and (b): Aeff , its
inset represents |Et| at low and high power values. The pitch of the whole lattice is Λ = 0.95λ, the radius
of the lattice holes is a = 0.5Λ× 0.7375, and the radius of the core defect hole is r = 1.25a.
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the semi-infinite forbidden band-gap [16, 27]. Here, we investigate a nonlinear fiber with a defect
core of ”acceptor” type (larger air hole at the core location) [27] in a square lattice of air holes,
see inset of Fig. 4 (a). In this case, the main linear core localized defect mode also comes from
the first allowed band of the band diagram but it emerges in the first finite forbidden band-gap
(see Fig. 4). The noteworthy behavior of this mode is found in its nonlinear regime when it moves
towards the upper edge of this band-gap (blue line) . While the nonlinearity is of focusing type,
the mode tends to delocalize in the lattice when the power is increased as shown in Fig. 4 (b) (field
maps and effective area). This is a clear illustration of the interplay between the periodicity of
the structure and the power controlled nonlinearity. To the best of our knowledge this is the first
time such phenomenon is described using full vector Maxwell’s equation. In the scalar case, the
nonlinear behaviour of a comparable defect mode has already been studied but only at high power
when the mode is located in the first semi-infinite band-gap but not in the first finite forbidden
band-gap [28]. In this last case, with our solver we also find again that the modes focalizes with
the power (data not shown) as expected.
Thanks to our 2D vector eigenvalue nonlinear solver for Maxwell’s equations, we have obtained
three new results: the importance of the 2D model for NPSWs even at low power, a general
interpretation of the link between γnl and ∆β/Ptot, and finally the illustration of the interplay
between the nonlinearity and the bad-gap edge giving defocusing effect from a focusing Kerr-term.
These results confirm the need and the usefulness to pursue theoretical and numerical investigations
of the full set of Maxwell’s equations in both the low and high power nonlinear regimes.
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